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Proposition 4.1 is incorrect, as demonstrated by the following example. Let X be a variety of di-
mension  1 over a ﬁeld of characteristic p > 0, let X1 = X0 = X with p0 = p1 = s = IdX , and let π0
be the Frobenius.
The error, more precisely the gap between the proof and the assertion, is in the use of the exact
sequence 0 → κ(x) → κ(x0)⇒ κ(x0) ⊗κ(x) κ(x0). As the example shows, X1 does not in general con-
tain the information of κ(x0) ⊗κ(x) κ(x0), and so an element of π∗(OX•) does not in general produce
an element of κ(x). Here we mention some cases where it is possible to extract an element of κ(x),
and thus hypotheses under which the conclusion of Proposition 4.1 holds.
(1) The proposition is true in case X1 = X0 ×X X0, by the argument given.
(2) It suﬃces to assume everything is deﬁned over a ﬁeld of characteristic zero, or slightly more
generally, all residue ﬁeld extensions induced by π0 are separable. For then κ(x0) ⊗κ(x) κ(x0)
is reduced, and we can ﬁnd a collection of points {x1i}i∈I ∈ X1 such that κ(x0) ⊗κ(x) κ(x0) in-
jects into
∏
i∈I κ(x1i). Then the equality p0#( fx0 ) = p1#( fx0 ) in
∏
i∈I κ(x1i) is enough to deduce
fx0 ⊗ 1 = 1⊗ fx0 in κ(x0) ⊗κ(x) κ(x0).
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3156 J. Ross / Journal of Algebra 323 (2010) 3155–3156(3) It suﬃces to assume the residue ﬁelds on X0 “cut out” the residue ﬁelds on X . More pre-
cisely: ﬁx x ∈ X and x0 ∈ π0−1x. Then for every (x0, x0′) ∈ X0 ×X X0 and every x1 ∈ X1 covering
it, we have ﬁeld extensions i : κ(x0) → κ(x1), i′ : κ(x0′) → κ(x1). We can form the subﬁeld
Fx1 := i−1(i′(κ(x0′))) ⊂ κ(x0), and hence the subﬁeld F0 :=
⋂
x0 ′∈π0−1x(
⋂
x1→(x0,x0 ′) Fx1 ) ⊂ κ(x0)
(independent of x0). We always have an injection κ(x) → F0. Then our hypothesis is that for
every x ∈ X , κ(x) = F0.
Proposition 4.2 is correct, but a bit empty in light of the example. Furthermore, in the proof,
(Aν ⊗A Aν)red should be replaced by Aν ⊗A Aν ; even though ν is birational, it can happen that some
residue ﬁeld extensions are inseparable. For an example, see [1, I.7.2.2.2].
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